Abstract-Powercontrol,akeyfeatureofCDMAsystems,isexamined and discussed, with focus on the base-to-mobile link. The problem of finding an optimal power control law is considered, the optimality of the PCL is precisely stated, and a class of very simple PCLs which achieve almost optimal performance, in terms of system utilization, is proposed. Based on a completely analytical approach, results for the system performance are computed and discussed.
I. INTRODUCTION
Due to the increasing demand for mobile communications services, the development of highly efficient multiple access schemes have been given considerable attention in recent times. Spread spectrum multiple access is currently considered a very promising technique to achieve high capacity in such systems. In fact, it is possible to assign a unique code sequence to every user, so that the same sequence can be used at the receiver to decode the signal [1] . The cross-correlation properties of the set of codes are such that the interfering signals are greatly reduced in power when correlated with the sequence of the wanted signal. This interference rejection capability makes the use of spread spectrum techniques (also called code division multiple access, CDMA) very appealing for mobile radio applications. Also, the same frequency band can be used in every cell, yielding a spectral efficiency several times better than achievable by classic systems, such as TDMA and FDMA [2] . Along with this fundamental feature, CDMA exhibits other desirable characteristics, such as communication security, multipath rejection, no need for retransmissions, graceful performance degradation when the number of users increases, etc. [1; 3] .
Therefore, in the recent literature many papers have appeared, presenting a variety of analytical and simulation results, with application to both terrestrial and satellite systems [2; 4; 5] . These analyses are in general difficult, because of the variety of issues which must be taken into account, such as near-far effects, fading, random spatial distribution of the users, etc.
A major issue in this kind of systems is power control: it is used to equalize the performance within the cells, since otherwise the users near the boundary of the cell would experience a transmission quality much poorer than those close to the base station. A worst-case approach (as taken in [4] ) to the network design leads to conservative estimates and, therefore, to a waste of resources, as shown in [6] .
In this paper, we examine the base-to-mobile transmission path (forward link), which has received less attention in the literature, and which is usually more difficult to study analytically, Michele Zorzi is with the Dipartimento di Elettronica e Informazione, Politecnico di Milano, Dipartimento di Elettronica e Informazione,Piazza L. da Vinci, 32 -20133 Milano, ITALY, Ph.: +39-2-23993637, Fax: +39-2-23993413, e-mail: zorzi@elet.polimi.it unless major simplifications are made. It has been analyzed in the absence of fading in [3; 7] , or in the absence of power control in [4] , or recurring to computer simulations in [2; 8] . A fairly complete analytical approach is presented in [9] .
As to the power control issue, it has been discussed in many papers, but has been rigorously approached only very recently [6; 9; 10] . Neglecting fading, Lee [3] proposed a simple power control law (PCL) proportional to some power of the mobile-to-base distance, whereas Gejji [7] found a more elaborate approach, although in simplified conditions. Power control in the presence of fading has been considered by Wang and Tonguz [11] , and by Zorzi and Milstein [9] , who solved the optimization problem in general conditions. Some simulation approaches are presented in the early paper by Nettleton and Alavi [12] , and in the more recent papers by Gilhousen et al. [2] , where lognormal shadowing is considered instead of Rayleigh fading, and by Stuber and Kchao [8] , where a frequency selective fading model is adopted.
The problem of finding a good PCL and to compute its performance is completely solved in [6; 9; 10] , where, based on a fairly general model, the best PCL is given. This optimal law is given implicitly as the solution of an equation and, although fairly easy to compute numerically, is not available in closed form. Here, we assume that, in some way (e.g., power measurement or feedback information), the base station knows its own distance from each mobile, and is able to control its power according to a known PCL. We do not consider the details of how this can be achieved, but rather are interested in analyzing the resulting performance.
In some instances, it is preferable to have a mathematical function (which often gives closed-form results) to work with, instead of such an implicit function. Also, from the viewpoint of the implementation, this choice may simplify the complexity of the equipment. Last, a simplified approach to the problem might give good results even when the "exact" approach is not feasible due to the exceeding complexity of the model (for example, when log-normal shadowing is considered). Therefore, the significance of the present paper is to propose an easy suboptimal approach to the above problem, and to measure its efficiency, compared to the optimum.
In this paper, we investigate the class of PCLs of the form r n and an extension of it. We are interested in computing the performance of them, in terms of system utilization, and in comparing it with the maximum achievable performance, as given in [6] when the optimum PCL is adopted. We will show that it is possible to choose some very simple functions which provide a very good approximation of the optimal PCL.
II. SYSTEM MODEL
The model of the cellular CDMA system we consider is described in [6; 9] , and is reported here for convenience. The envelope of each received signal is a Rayleigh distributed random variable, due to the effect of multipath. Even though the actual propagation phenomena are more complex to describe, this model is widely accepted in the literature for a narrowband CDMA waveform, and lends itself to a tractable analysis.
On the forward link, the base station (BS) transmits to its own users, using direct sequence spread spectrum modulation. The waveform received by each mobile is composed of the intended signal, a number of interfering signals coming from the BS of the cell in which the user is located (intracell interference), and interference from the BS's of the sourronding cells (intercell interference). We will consider the effect of two tiers of cells, i.e., the 18 BS's nearest to the BS of the intended cell (see Fig. 1 ).
Each user is assumed to be located at random, independently of all the other users, and uniformly distributed over the cell. Also, since the CDMA systems are typically limited by interference, we neglect thermal noise.
In order to combat the near-far effect, a power control (PC) scheme must be used. This technique results in different transmitted powers to different users, based on an estimate of the performance experienced by the users themselves. This is possible only for the slowly varying amplitude changes, namely those due to the distance of the user from its BS: the Rayleigh fading is assumed to be too rapid to be tracked.
More precisely, let BS j denote the base station of the cell j, and let r ji be the distance of the user ji (i.e., the ith user in cell j) from its base station, BS j . The power P Tji that the BS j transmits to the user ji is given by P Tji = P 0 '(r ji ); (1) in which the function ' is the power control law (PCL). The mean value of this function, when averaged over the random distance r ji , is taken equal to 1, so that the total average power transmitted by BS j is
where M is the number of admitted users per cell. P Tj is assumed to be the same for all j.
III. ANALYSIS
With the above model, the received waveform at the mobile is [4] 
where A ji is the unfaded amplitude of the signal from BS j to its i-th user, the j 's are independent Rayleigh distributed r.v.'s with unit power, d ji (t) and PN ji (t) are the binary data and the spreading sequence of the i-th user in cell j, respectively, and ji and ji are the corresponding time shift and the relative phase, respectively. As in [4] , we assume that the intracell sequences are unsynchronized (which results in worst-case performance, as discussed in Section VI.A), so that the time delays and phase shifts are independent of each other. Let r j ; j = 0; : : :; 18, be the distance of the intended user from the BS j . Then the useful signal power received at the mobile is
in which 2 0 , the fading loss, is an exponentially distributed r.v. with unit mean, since 0 is Rayleigh distributed. The factor Kr ? 0 accounts for the deterministic path loss, which is proportional to the inverse -th power of the distance; can take values between 2 and 4 in the absence of shadowing, and larger values if blockage is present.
The interference power from BS j is given by
j Kr ? j P T ; (5) where the random interfering power is approximated by its mean, as discussed in Appendix A. If L is the processing gain of the spread spectrum modulation, the bit error probability, conditioned on the 2 j 's, is computed as:
s S 
where (9) We remark that the effect of fading is summarized in the r.v. , which is also a function of the intended user's location, r 0 . For each r 0 , the distribution of is given by [10] :
1 C A; (10) and the average bit error probability of a mobile located at r 0 , P e (Λ; r 0 ), can be computed from (6) . Following [7] , the optimal PCL, Λ(r 0 ), is given by the solution of the equation:
for all r 0 2 (0; 1], in which the cell radius is normalized to 1, and P d is the desired error probability. Eq. (11) can be solved numerically for all r 0 , but no closed form expression is available for the PCL Λ(r 0 ). An admissible PCL, although not optimal, must satisfy the following inequality: P e (Λ(r 0 ); r 0 ) P d ; 8 r 0 2 (0; 1]: (12) In the following, for a chosen value of P d , we will assume that the PCLs satisfy (12) .
As a measure of the system performance, we consider the parameter = M=L, i.e., the ratio of the number of admitted users per cell to the processing gain (spreading factor), and call it system utilization. From the definition (7), recalling that E '(r 0 )] = 1, the following relationship can be established:
and, once Λ(r 0 ) is known, can be easily evaluated. In (13), the expectation is taken over the random position of the mobile, r 0 , whose pdf is linear in the interval [0,1].
A. Optimal PCL
In the above, we took (11) as the optimality criterion for the choice of the PCL. This corresponds to the intuitive requirement that all users experience the same performance, and was suggested in [7] . The optimization problem can be formulated more precisely as follows: find the PCL which maximizes the system utilization, , under the constraint (12) . It is shown in Appendix B that the solution of (11) is also a solution of this problem. Therefore, the effort to provide a uniform quality of service results in maximum capacity as well. An analogous result, in the absence of fading, has been found by Gejji [7] .
IV. POWER CONTROL
In this section, we are interested in studying the performance achievable by using a suboptimal PCL, proportional to r n . This class of PCLs was first suggested by Lee [3] , and the choice n = 2 was conjectured to be the best one; further discussion and results were presented by Gejji [7] . Neither paper accounts for fading which, on the other hand, is considered in [11] , where n = 4 is indicated as the best value. It seems, however, that the possibility of choosing n greater than 4 has never been explored.
In the present context, we argue that better performance can be achieved for n > 4: in particular, we will show that n should be taken in the vicinity of 5.5.
Actually, the choice of limiting the search to values of n not greater than the propagation loss exponent, , although generally accepted in the previous literature, appears to be somewhat arbitrary and even counterintuitive. In fact, an increase of the base-to-mobile distance, r, has the double effect of both decreasing the wanted signal power as r ? , and increasing the interfering signal power, since the distance to the neighboring base stations which transmit most of the interference is smaller. Therefore, it is clear that the average SNR experienced by a mobile decreases more rapidly than r ? , as r increases, and numerical computations confirm this basic intuition. Since the power control should try to equalize the performance over the cell, a natural choice for n should result in a value greater than .
In the following, as in most of the literature, we will take = 4. However, for different values of , the approach described below can be repeated as well.
As observed in [7; 11] , the above approach suffers from a fundamental problem. As r becomes very small, the intercell interference (= P 18 j=1 I j ) tends to zero, whereas the effect of the intracell interference (= I 0 ) is unchanged. Therefore, in the presence of finite intracell interference, the PCL must be such that Λ(0) > 0. The classic approach to solve this problem is to choose a threshold value, r t , such that, for r r t , Λ(r) is a constant. The resulting PCL is therefore Λ t (r) = max fΛ t (1)r n t ; Λ t (1)r n g ; (14) referred to as the threshold PCL. The value of r t is chosen according to some criteria, e.g., requiring that P e at distance r = r t be the same as for r = 1 [11] .
In this paper, we propose an alternative method to overcome the above difficulty: we introduce a floor value, Λ f (0), choosing a PCL of the form:
where the choice of Λ f (0) and Λ f (1) is discussed next. We will refer to (15) as the floor PCL.
A. Evaluation of the system utilization
First, note that is directly related to E Λ(r)], as in (13) . Therefore, it is clear that Λ f (1) should be chosen such that P e (Λ f (1); 1) = P d ; (16) whereas Λ f (0) must be such that (see eqs. (12) and (6), and note that = 0 with probability 1 for r 0 = 0)
(17) Fig. 2 shows the average probability of error vs. r when (15) is used, and Λ f (0) is chosen so that (17) is satisfied with equality, for some values of n and P d = 0:001. It can be seen that, for n < 5, the curves obtained never cross the line P e = P d , but they do not approximate very well the optimum performance (given by the line P e = P d itself); on the other hand, for n > 5 (more precisely, in the vicinity of 5.5), they follow the optimum very closely, but lead to some "service holes" (i.e., zones where the error probability is larger than required [7] ). Fig. 3 shows the same curves for n = 5:5 and for various values of Λ f (0). It is clear that, if Λ f (0) is large enough, the "service holes" can be avoided. It is also clear that the choice of Λ f (0) has a very small effect on the behavior of the significant part of the PCL, so that we can affirm that all those curves achieve practically the same utilization, , which is very close to the optimum predicted in [6; 9] .
For a given n, the best choice for Λ f (0) is the smallest value which guarantees (12) . From (13) and (15), the utilization f achieved by the above scheme is given by:
For the threshold model (14) , the same quantity turns out to be 
B. Optimization of the PCL
It can be seen that, as long as Λ f (0) and r t are small enough, f and t increase as n increases. If n becomes too large, however, (12) leads to Λ f (0) ! Λ f (1) and r t ! 1, and both PCLs collapse into a constant PCL (equivalent to no power control at all, as in [4] ). These considerations are summarized and confirmed by the results in Table I , which presents the values of Λ f (0), Λ f (1) and r t , along with the achieved f and t , for some values of n and P d = 0:001. To allow a comparison, the absolute optimum, as obtained in [6] , is reported as well. Note that the utilization achieved by (15), f , is larger than t , and is within 1% of the maximum possible, i.e., the opimum.
In Fig. 4 , f and t are plotted vs. n, for P d = 0:001 and 0.005. It is clear that the best choice of n is not 4 (as stated in [11] ), but lies in the vicinity of n = 5 5:5. The dependence on P d is investigated in Table II , which shows that the floor PCL always achieves nearly optimal performance. V. OUTAGE PROBABILITY Sometimes, in studying mobile systems, outage probability, rather than average BER, is preferred as the performance index. In this context, it is defined as the probability that the Signal-toInterference Ratio, after despreading, falls below a threshold, b [13] . From Section 3, it is easy to see that the outage probability can be computed as:
All the above analysis about optimality and system utilization, and the discussion about PCL still apply, with some obvious changes. The results obtained when this approach is taken are qualitatively the same as those presented in the above. As an example, is plotted vs. n in Fig. 5 , for a desired outage probability of 5% and an outage condition of b ' 10 dB (corresponding to a BER ' 10 ?3 [14] ). Note the similarity with Fig.   4 .
VI. SOME GENERALIZATIONS

A. Orthogonal sequences
On the forward link, all signals transmitted by a same BS can be made perfectly aligned and in phase, resulting in perfect orthogonality of the intracell sequences, and therefore in (ideally) zero intracell interference [10] . As expected, this property can be exploited to increase the utilization of the system, since the interference is reduced: our computations yield an increase in capacity of roughly 10 15%.
B. Coding
Due to the severe propagation conditions, the use of coding in mobile communications is mandatory, if significant capacity is to be achieved. Some analysis about coding and power control is presented in [9; 10] . Here we just remark that, at least for the ideal situation of block codes with perfect interleaving, the above analysis still applies: only the value of P d is changed, and our suboptimal approach has proved to yield results very close (within 1-2%) to the optimum, for any value of P d of practical interest (see Table II ). As to convolutional codes, it can be shown numerically that, for the example of the code with rate 1/3 and constraint length 8, the quasi-optimal PCL found in [10] is closely approximated (at least in the significant range, i.e., near r = 1) by Λ(1)r 5:5 . Therefore, the above approach applies to convolutional codes as well, covering almost every case of practical interest.
Similarly, when an outage approach is taken, the use of error correcting schemes has the effect of changing the value of the threshold, b. In particular, if interleaving is used, b can be determined based on the required channel performance, whose relationship with the decoded performance depends on the particular code [14] .
C. Sensitivity to the angular position
The above analysis has been carried out using only the radial coordinate to describe the position of the mobile in the cell. This is equivalent to implicitly assuming that the mobile lies on a specific direction: in the above results, the mobile is on the line from the base station to a vertex of the hexagonal cell. Of course, this is not always the case, nor is it true that the performance is independent of the angular coordinate. However, the above analysis is not restrictive, and can be easily extended to the more general (and realistic) situation: numerical results show that the situation considered in this paper is the worst-case, and that considering the actual bi-dimensional distribution gives a gain in capacity as large as 40 50%.
D. Anisotropic propagation conditions
In the above analysis, we assumed, for convenience, that P T ; and K are the same for all j, and that the cell layout is regular (i.e., cells are perfectly hexagonal). Note, however, that these assumptions are by no means critical and, if the above parameters are functions of j (provided they are not random), the analysis can be easily modified to take into account this dependence. With this generalization, anisotropic propagation environments can be studied as well.
VII. CONCLUSIONS
In this paper, we studied the base-to-mobile link of a cellular CDMA mobile radio system, and investigated the use of some simplified power control laws. We showed that, indeed, almost optimal performance can be achieved if the optimal PCL is approximated by means of simple functions, which are easy to manipulate and to study, and for which some closed-form results are available. The analysis is followed by the discussion of some issues, of which some have been raised in the recent literature and others remain to be investigated in more depth. Our further research is aimed to the extension of the analysis to the presence of log-normal shadowing. 
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From our numerical results, ' turns out to be approximately 1, so that the above ratio is about equal to 1= p M. Therefore, for large M, the total power transmitted by each BS, although a random variable, can be approximated by its mean, MP 0 .
APPENDIX B: OPTIMALITY OF THE SOLUTION OF (11) We want to show that the solution of (11) is also a solution of the following problem: among all the admissible (i.e., satisfying the requirement (12)) PCLs, find one such that the system utilization is maximized. We will prove the above statement more generally than we actually need: assume that the PCLs are defined over a spatial region V , which can be a line, an area, or even a three-dimensional volume.
First, note from (13) that maximizing is equivalent to minimizing the functional
where f x (x) is the pdf of the random position, x 2 V . Let Λ 0 (x) be the solution (which can be shown to be unique and continuous) of the equation P e (Λ 0 (x); x) = P d ; x 2 V; (25) and let Λ 1 (x) be any function over V such that P e (Λ 1 (x); x) P d ; x 2 V: (26) Since Φ(a) is strictly monotonic for a < 0, it can be shown that, for all x 2 V , P e (b; x) is strictly monotonic for b > 0.
Therefore, Eq. (26), rewritten as P e (Λ 1 (x); x) P e (Λ 0 (x); x); x 2 V; (27) implies that Λ 1 (x) Λ 0 (x); x 2 V; (28) and I(Λ 1 ) I(Λ 0 ):
Therefore, Λ 0 (x) is at least as good as any other admissible PCL, and is therefore an optimum. If the continuity of the PCLs is required, it can be shown that Λ 0 (x) is in fact the unique optimum solution.
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Fig. 2:
Error probability, P e , vs. r, for P e (0) = P e (1) = 0:001, and various values of n (floor PCL). Fig. 3 : Error probability, P e , vs. r, for P e (1) = 0:001, n = 5:5,
and various values of Λ f (0) (floor PCL). 
